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Abstract: 


Smarandache groupoid ( Zp, A) is not partly ordered under Smarandache inclusion 
relation but it contains some partly ordered sets, which are lattices under Smarandache union 
and intersection. We propose to establish the complemented and distributive lattices of 
Smarandache groupoid. Some properties of these lattices are discussed here. 


1. Preliminaries : 


The following definitions and properties are recalled to introduce complemented and 
distributive lattices of Smarandache groupoid . 


Definition 1.1 


A set Sis partly ordered with respect to a binary relation R if this relation on S is re- 
flexive, antisymmetric and transitive. 


Definition 1.2 


Two partly ordered sets S, and S, are isomorphic if there exists a one - one corre- 
spondence T between S, and S, such that for xe S,andye S, 


T(x)cT ly) iffxcy 


Definition 1.3 


A lattice is a partly ordered set in which any two elements x and y have a greatest lower 
bound or infimum denoted by x 9 y and a least upper bound or supremum denoted by x Uy. 
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Definition 1.4 


If every element of iattice has a complement , then it is called complemented lattice. 


Definition 1.5 


A lattice L is called distributive if identically 


XA(YUZ)A(xNy)U(XOZ), vx yzeEb, 


Definition 1.6 


If a lattice L is distributive and complemented then it is called a Boolean lattice. 


2. Lattices of Smarandache groupiod : 


We introduce some definitions to establish the lattices of Smarandache groupoid. 


Definition 2.1 


i) 


i) 


ii) 


iv) 


v) 


b,b, ),, are said to be equal 


n-1 a2 


Two integer r= (a, , a, ......- a,a,),, ands=(b,_ 
and written asr=sifa=b fori=0, 1, 2, ......, n- 1. 


The integer: r=(a,, a). a,a,),, is contained in the integers = (b,_,b, , ... D,b,),, 
and written asrc sifa <b fori=0, 1, ....,n- 1. This relation is called Smarandache 
inclusion relation. 
The Smarandache union of two integers r and s is denoted by r Us and defined as 
rus = (a 48) 5 oe) 0 DD. occe BEB, ) 
=(C ,C,,...C,)) 
where c= max {a,, b,} fori=0, 1, .....n-1. 


The Smarandache intersection of two integers r and s is denoted by rs and defined as- 


PAS: Sa. dy oon pay) FD: ge Dos eax BLD.) 
00. Gd.) 


Where d. = min {a, b} fori = 0, 1, 2, ....... n- 1. 
The complement of the integer r=(a,, 4, _,...... 4,a ),, is redefined as - 
C(rj=(e,,¢,, sia a 2, Oy )m 


Where e,=1-a for i=0, 1,.....,n-1. 
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Proposition 2.2 


The Smarandache groupoid ( Zp, A ) with two operations Smarandache union and 
intersection satisfies the following properties for x, y, z € Zp. 


i) Idempotency: xUx=x and xnx=x 

ii) Commutativiy: xuy=yuUx and xny=ynx 

ii) Associativity : (xUy)UZ=xU(yUz) and (xny)nz=xn(ynz). 
iv) Absorption : XU(KAY)EX=Exa(kuUy) ¥ xey. 


But (Zp, A) is not partly ordered with respect to Smarandache inclusion relation and this 
groupoid consists of some partly ordered sets _ Any two elements x and y of any partly ordered set 
of (Zp, A) have infimum x m y and supremum x w y. So these partly ordered sets are lattices of 
Smarandache groupoid (Zp, A). This can be verified with an example of Smarandache groupoid. 


Example - 2. 3 


The Smarandache groupoid (Z,,, 4) is taken for verification. 


Here Z,, = 10,1, 2, sta cokes , 26}. For all x, ye 2,7 X is not contained and equal 
to y under Smarandache inclusion relation. For example 


11=(102), and 13=(111), € Z, 


But 11 £13 under Smarandache inclusion relation. Al! the elements Le are not 
related. so reflexive, antisymmetric and transitive laws are not satisfied . Z,, is not 
treated as lattice under Smarandache inclusion relation. 


Under this inclusion relation, some partly ordered sets are contained in a 
About 87 partly ordered sets of seven elements are determined in the Smarandache 
groupoid { Z,., A). A diagram of the above 87 partly ordered sets are given below: 


Consider a partly ordered set L, givenbyO©19225¢€8€17 € 26 of Smarandache 
groupoid (Z,., 4). The Smarandache intersection and union tables of this partly ordered 
set are given below : 


a fap eS. 


py {oti {2 |5]8 [17 | 26 
| ofofa [2 {5} [17] 26 
|i fa [1 [2 [5/8 [17 | 26 
2 {2 [2 |2 {5 [8 117 | 26 
| 5 [5 |5{5{5]8 [17] 26 
8 {3 {3 {s {s/s [17 | 26 


fimfofif2ys| sta] 7) | a7ja7]a7| ia} v7] a7] a7 | 26 | 
fosTolif2[s} siz] 26} — | 26|26]26}26[26] 26]26 | 26 | 


Table -1 Table -2 


The system (L, ¢,, U) in which any two elements a and b have an infimum 
anband a supremum a v bis a lattice. Similarly, taking the other 86 partly ordered 
sets, we can show that they are lattices of the Smarandache groupoid (Z.,, A). If we 
take the complement of every element of the lattice L, we get the following function. 


fp b= | oft | 215 | 8 17/26 
[C(L) = | 26 | 25] 24} 21] 18] 9 | 0 


Here L + C(L). But the system (C(L), c, n, U) is a lattice. If L = C(L), then the 
lattice (L, c. nm. u) is called complemented. The complemented lattices of seven ele- 
ments belonging to ( Z,_, A) are given below : 


27° 


0062164013622 625 26 
0¢1¢610613616625 26 
023647130226 273526 
063¢612613614623 526 
06¢9¢10C13616617 £26 
069¢6€12¢6C13614617 £26 


From table 1 and table 2, itis clearthat au(bnc)=(aub)n(avuc) 
andan(buc)=(anb)u(anc)Va,b,ceéL. 


350 


Hence the lattice (L, ¢, 7, U) is a distributive lattice. Similarly we can show that 
the other lattices of (255; A) are distributive. The above six complemented lattices are 
distributive and they are called Boolean lattices. 


Remark - __ i) The ordinary intersection of two lattices is a lattice . 
li) The ordinary union of two lattices is not a lattice . 


Proposition 2.4 
Every Smarandache groupoid has a lattice. 


Proof : 


Let (Zp, A) be a Smarandache groupoid. A partly ordered set L, of Zp !s deter- 
mined with respect to the Smarandache inclusion relation. 


Beth. S40 Fl) le St aC rare e lo = m?-1} 
For J,,i,eL, we get 

a li or |, > Ly 
casel: Ifl,cl,, then 

Ol, ale b, andl, ol, =1,¢e Lb, 


Hence L, is a lattice of Zp . 


Case ll: If|,,>1,, then 


Lode= 16 -L, ana lw lade b 


Hence L, is a lattice of Zp . 


Proposition 2.5 
Every distributive fattice is modular. 


Proof: A modular lattice is defined as a lattice in which 
zcoximplies x U(ynz)=(xUy) az 


Let (L,, ¢. m. VU) be a distributive lattice, in which |, cl,,, 


then Loot ol) = Ch ad) 
[ (I, YU I) a I 


Hence (L,, ¢. m, U) is modular. 
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3. Isomorphic lattices : 


Let L, and L, be two lattices of a Smarandache groupoid (Zp, A). A one - one mapping 
T from L, onto L, is said to be isomorphism if - 


T(xuy)=T(x)UT(y) and 
T(xny)=T(xX)NT(Y) forx, ye L. 
Proposition . 3. 1 


Two lattices having same number of elements of a smarandache groupoid (Zp, A) are 
isomorphic to each other. 


Proof: “Let Lost) cla ce iG eee cli} 
and to = (1, Sipe lee atenciienk oly 
where |,,=1,,=0 and 1,,=1,=m"-1_ be two lattices of (Zp, A). 


A one - one onto mapping T : L, > L, Is defined such that T (I,) =|, 
for alll, L, 


Forl,cl, <b, 
Vil, and 1h =, 
Fori, cl, € L, 


AL =! 


— 
LY 4 Fh, and Li yo ‘air 


Again T (1,,) =|, and TL) Fh 


Now T(,)UT(,) =1,U1,=1, and 
T(I,) 0 T(1,) =1,0 l, = |... 


Here Tl, Ul) = T(,) =i, = T(L) UY T(L,) and 
T(L, 01) = T0,) = by = 10) 0 T(l,) 


Hence the lattices L, and L, are isomorphic to each other. 


Proposition 3.2 


Let L and C(L) be two lattices of Smarandache groupoid (Zp, A). If T be the mapping 
from L to C(L), defined by T(x) = C(x) V xeL, then 


T(xuy)=T(x) aT (y) and 
Tixny)=HTK) UT y)Vxyel 
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Proof: Forxcyel, xuy=y and xny=x 
Again Cy) < C(x) e CL), C(x) UC(y)= CX) and C(x) nCly) = Ciy) 
Here T(x) = C(x) and T(y) = Cy) 


Now T(x) U T(y) = CQ) U Cly) = C(x) and 
T(x) A T(y) = C(x) n Cy) = Cty). 


Again T(x vu y) = T(y) = C(y) = T(x) AN T(y) and 
T(x y) = T(x) = C(x) = T(x) U Ty) 


Proposition - 3. 3 


Let L be a complemented lattice of (Zp, A). If the mapping T from L to L, defined by 
Tx) = C(x) V xeL, then 

T(x Uy) = T(x) A T(y) and 

Txay)=TOUTY) V xXyel 


Proof is similar to proposition 3.2 
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